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Abstract
We explore maximally supersymmetric Yang-Mills theory with walls of im-
purities respecting half of the supersymmetries. The walls carry fundamental
or bifundamental matter multiplets. We employ three-dimensional N = 2 su-
perspace language to identify the Higgs branch of this theory. We find that the
vacuum conditions determining the Higgs branch are exactly the bow equations
yielding Yang-Mills instantons on a multi-Taub-NUT space.
Under electric-magnetic duality, the super Yang-Mills theory describing the
bulk is mapped to itself, while the fundamental- and bifundamental-carrying
impurity walls are interchanged. We perform a one-loop computation on the
Coulomb branch of the dual theory to find the asymptotic metric on the orig-
inal Higgs branch.
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1 Introduction
A string theory realization of a quantum gauge theory can be very useful in ana-
lyzing the latter [1, 2, 3, 4]. Such a realization can relate an intrinsically quantum
problem in the gauge theory to a different amenable classical problem. For example,
three-dimensional quantum gauge theories were related to the classical dynamics of
monopoles in [5, 6] and singular monopoles in [7]. In this work, however, we employ
such a string theory realization in a reverse fashion: We study a supersymmetric
quantum gauge theory to make statements about the classical moduli space of Yang-
Mills instantons on multi-Taub-NUT space with k centers (TNk).
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The gauge theory we are interested in is four-dimensional and possesses1 N4d = 2
supersymmetry. In the four-dimensional bulk, the theory is given by maximally
supersymmetric, i.e. N4d = 4, Yang-Mills theory. Half of the bulk supersymmetry is
broken by the presence of codimension one defects. The defect walls are all parallel,
each carrying either a fundamental or a bifundamental N3d = 4 hypermultiplet.
We choose the gauge group in each space bounded by the bifundamental-carrying
impurity walls to be unitary. The rank of the gauge group can a priori differ on the
two sides of such a wall.
Without the bifundamental defects, such a theory was studied in [8, 9, 10]. As
in [10], we split four-dimensional space into a direct product of a three-dimensional
space parallel to the defects and a one-dimensional space perpendicular to these. The
latter is parameterized by the coordinate s = x6. To work in a superspace frame-
work, we embed N3d = 2 superspace in a compatible way into N4d = 2 superspace.
Our gauge theory is therefore formulated in terms of N3d = 2 superfields on R1,2
that depend on s as a parameter. Correspondingly, the vacuum D- and F-flatness
conditions, which are usually algebraic, now take the form of differential equations
in this variable s.
We find that on the Higgs branch of the gauge theory these equations are exactly
the bow equations of [11] which describe U(n) instantons on a multi-Taub-NUT
space, TNk. The number of the Taub-NUT centers k equals the number of the bifun-
damental impurity walls of the gauge theory, while the rank n of the instanton gauge
group equals the number of the fundamental impurity walls. The instanton charges
are determined by the ranks of the gauge group of the gauge theory. This identi-
fies the Higgs branch of the theory which has n fundamental and k bifundamental
impurity walls with the moduli space of U(n) instantons on TNk. Obtaining these
differential equations from the D- and F-flatness conditions and relating them to
the instanton bow data is one of the results of this work. The equations we obtain,
however, are slightly more general and suggest an interpretation of the instanton
problem as a part of a larger framework provided by the quantum gauge theory.
Once we identify the Higgs branch of our impurity theory with the moduli space
of instantons on TNk, we acquire an entirely new way of computing the metric on the
latter: We can apply electric-magnetic duality [12, 13] (which in three-dimensional
language corresponds to gauge theory mirror symmetry [14, 15]), so that instead
of considering the Higgs branch of our original theory, we study the same space as
the Coulomb branch of the dual theory. In particular, the asymptotic form of the
1To avoid confusion, we give the space-time dimension explicitly as a subscript. For example,
a four-dimensional theory with N4d = 2 has the same number of conserved real supercharges as a
three-dimensional theory with N3d = 4.
2
moduli space metric is determined by perturbative corrections to the propagator of
the gauge theory. Moreover, on the Coulomb branch the theory is effectively three-
dimensional in the extreme infrared. We compute the one-loop correction in this
three-dimensional theory, generalizing the results of [16, 17]. This leads exactly to the
Lee-Weiberg-Yi-type [18] asymptotic metric, which was found to be the asymptotic
metric of the instanton moduli space in [19].
The underlying relation of the moduli space of vacua of the impurity gauge theory
to the moduli space of instantons is not coincidental: A string theory realization of
our impurity gauge theory is given by a Chalmers-Hanany-Witten (CHW) brane
configuration of D5-, NS5-, and D3-branes in type IIB string theory [6, 20, 21].
Applying T-duality along the D3 relative-transverse direction parameterized by s,
one maps this configuration to a type IIA string theory configuration with n D6-
branes wrapped on TNk and some D2-branes transverse to TNk. The latter can be
argued [22, 23] to be effectively described by instantons.
Solutions of type IIB supergravity corresponding to fully back-reacted geome-
tries of AdS5 × S5 with probe D5- and NS5-branes have been found in [24, 25].
These solutions are supersymmetric versions of Janus solutions [26, 27] and possess
SO(2, 3)× SO(3)× SO(3) symmetry. Both their geometric interpretation and their
symmetry group suggest a close connection to CHW configurations. In fact it has
been argued [25] that the gauge theory dual is one of the so called interface theories
[27], which were classified in [28]: a four-dimensional supersymmetric gauge theory
with defect walls. Contrary to our impurity theories, these interface theories do not
come with additional degrees of freedom on the impurity walls. It would be very in-
teresting to study the relation between these AdS solutions and the impurity theory
considered here in more detail.
Our paper is structured as follows: Having derived the matter content from the
analysis of the CHW configuration in Section 2, we give the gauge theory Lagrangian
in Section 3. The vacuum conditions are discussed in Section 4, where we also
compare them to the instanton data. Section 5 contains the calculation of the one-
loop quantum corrections to the metric on the moduli space, and we conclude in
Section 6. Our conventions are summarized in the appendix.
2 The Chalmers-Hanany-Witten brane configura-
tion and instantons
In order to make various key ingredients in our discussion transparent, let us begin
with the description of a Chalmers-Hanany-Witten D-brane configuration [6, 20].
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This configuration is the type IIB string theory background summarized in Table 1.
Its background geometry is ten-dimensional Minkowski space with one spatial di-
mension compactified on a circle: R1,2 × R3Z × S1 × R3Y . As coordinates on the
various components of this product space, we use (x0, x1, x2) ∈ R1,2, ~z ∈ R3Z , s ∈ S1
and ~y ∈ R3Y . The space contains n parallel D5-branes with world-volumes R1,2 ×R3Y
located at2 λj ∈ S1, j = 1, . . . , n and at the origin of R3Z , i.e. at ~z = 0. We also have
k distinct parallel NS5-branes with world-volumes R1,2 × R3Z positioned at pσ ∈ S1
and ~νσ ∈ R3Y , σ = 1, . . . , k. The last important ingredient is a collection of D3-branes
that are either suspended between D5-branes, having world-volumes R1,2× [λj , λj+1],
or wrap the circle factor entirely and have world-volume R1,2 × S1.
Such configurations were thoroughly analyzed using their effective description
in terms of three-dimensional gauge theories and mirror symmetry [14, 29]. They
also proved to be very useful in the exploration of singular monopoles [7, 30]. Here
we focus on the effective gauge theory in the four-dimensional world-volume of the
D3-brane describing its - still four-dimensional - low energy dynamics.
Away from any five-branes, the effective infrared description of the CHW config-
uration is given by maximally supersymmetric Yang-Mills theory. The presence of
the five-branes manifests itself in the form of two types of defects in this theory. It
is important to emphasize the different geometric nature of the two kinds of defect
walls that we consider. A fundamental wall, i.e. a defect wall carrying a fundamen-
tal matter multiplet, is contained within the four-dimensional space-time. A gauge
transformation in the bulk acts on the fundamental multiplet by its value at the
wall. A bifundamental defect positioned at s = pσ, on the other hand, separates
the space-time into a half-space-time s ≥ pσ to its right and another half-space-time
s ≤ pσ to its left.
In order to make this transparent, we introduce two distinct points pLσ and p
R
σ−1
which are located at the boundary of the s-semi-axis in the space on the right and on
the left of the wall, respectively. With these conventions, any field φ continuous on
one side of the wall satisfies3 limpրpσ φ(p) = φ(p
R
σ−1) and limpցpσ φ(p) = φ(p
L
σ ). As a
result, k bifundamental walls separate the space-time into k slices so that the σth slice
corresponds to the interval [pLσ , p
R
σ ]. The gauge transformations act independently at
pRσ−1 and at p
L
σ . Because of the presence of k walls with bifundamental multiplets,
the bulk gauge theory is defined on k independent slabs R1,2 × [pLσ , pRσ ]. In order to
deal with the boundary terms and integration by parts4 for the fields in a given slab
R
1,2×[pLσ , pRσ ], we understand the fields to be extended by zero on R1,2×[pLσ−ǫ, pRσ+ǫ].
2Our notation is chosen to match that of [19] later in the discussion.
3We use limpրpσ and limpցpσ to denote the left and right one-sided limits, respectively.
4See discussion on page 9.
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Altogether, the gauge theory action S = Sbulk + Sf + Sb and consists of
· the bulk contribution Sbulk, given by the action of maximally supersymmetric
Yang-Mills theory written in terms of N3d = 2 superfields,
· the fundamental multiplet contribution Sf which, since these multiplets are
localized at s = λj , has a three-dimensional Lagrangian density containing
couplings to the bulk fields values at these values of s, and
· the bifundamental contribution Sb with the σth term of its three-dimensional
Lagrangian density containing couplings of the σth bifundamental multiplet to
the bulk fields at pLσ−1 and at p
R
σ .
As a result, any variational equation obtained by varying a bulk field contains con-
tributions from the jth fundamental multiplets with a factor δ(s−λj). Additionally,
contributions from the σth bifundamental multiplet appear with a factor of either
δ(s − pLσ−1) or δ(s − pRσ ). We present the action in Section 3 and we discuss the
variational equations in detail in Section 4.
0 1 2 3 4 5 6 7 8 9
Coordinates x0 x1 x2 ~z s ~y
Symmetries SO(1, 2) SO(3)Z SO(3)Y
NS5 × × × × × × pσ ~νσ
D5 × × × ~0 λj × × ×
D3 × × × ~0 × ~y D3
N = 1 fields/Ψ V Z V
Ψ components v0 v1 v2 Z Z3
N = 1 fields/Υ X Y
Υ components v6 Y1 Y
Table 1: The CHW brane configuration, its symmetries, and the components of the
supermultiplets in its effective gauge theory description. Here, Z = Z1 + iZ2 and
Y = Y2+ iY3. The superfields Ψ and Υ denote N4d = 2 vector- and hypermultiplets,
cf. the appendix.
A CHW brane configuration preserves 8 of the 16 real supercharges. That is, we
expect the gauge theory to exhibit N3d = 4 supersymmetry with R-symmetry algebra
so(4) ≃ su(2)Z × su(2)Y ≃ so(3)Z × so(3)Y . The Higgs field triplets (Z1, Z2, Z3)
and (Y1, Y2, Y3) form vector representations of the factors so(3)Z and so(3)Y . These
algebras correspond to rotations in the spaces R3Z and R
3
Y respectively.
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Since the D3-branes can end on D5-branes if their positions in R3Z agree, we can
have a branch of the space of vacua of the theory where all of the D3-branes are
positioned at ~z = 0 and any separation between the D3-branes is along the R3Y space
factor. We call this the Y-branch of the theory. Potentially, if any of the NS5-brane
positions ~νσ coincide, there is another branch, the Z-branch, with D3-branes ending
on NS5-branes positioned at the associated values of ~y = ~νσ and arbitrary values of ~z.
There is also a mixed branch corresponding to at least some of the D3-branes having
world-volumes R1,2×S1 positioned at nonzero ~z and ~y or some D3-branes separated
along the Z- while others are separated along the Y-directions. Here, we assume that
all of the NS5-brane positions ~νσ are distinct and therefore the Z-branch does not
arise. An example brane configuration on the Y-branch is depicted in Figure 1.
We deliberately name these branches according to the directions in which the
D3-branes are separated from each other and not according to the types of the gauge
theory supermultiplets that parameterize them. This avoids potential confusion that
can arise once the gauge theory mirror symmetry interchanging the roles of the
supermultiplets enters the discussion. Once we consider the gauge theory description
of the low energy D3-brane dynamics in this CHW configuration, the Y-branch, which
is the main object of our study, corresponds to the Higgs branch of the gauge theory.
The Z-branch, if it existed, would correspond to the Coulomb branch off that gauge
theory. In Section 5, however, where we perform perturbative computations at one
loop, we shall find it convenient to work in the mirror or S-dual picture. We still study
the Y-branch, but once the mirror symmetry is applied, the Y-branch is identified
with the Coulomb branch of the mirror theory. It is the one-loop computation
involving the vector multiplet that gives us the asymptotic metric on the Y-branch.
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Figure 1: A picture of a Chalmers-Hanany-Witten configuration in the Y- or Higgs
branch.
This brane configuration is directly related to Yang-Mills instantons as follows.
Whenever the x6 direction is compact, we can T-dualize along it. This yields a dual
type IIA string theory brane configuration which contains the k-centered Taub-NUT
6
space in the 6, 7, 8, 9-directions, a number of D6-branes wrapping it with their world-
volumes in the 0, 1, 2, 6, 7, 8, 9 directions, and D2-branes (some of them fractional)
with world-volumes extending in the 0, 1, 2 directions. Because of a modification of
the argument of [22, 23], this configuration is described by instantons on the space
TNk. If the x
6 direction is noncompact or if some x6 intervals have no D3-branes over
them, the corresponding instanton on TNk is independent of the isometric direction
(i.e. the direction T-dual to x6) and can be interpreted as a singular monopole. The
relation between CHW configurations and instantons on a multi-Taub-NUT space
was used in [11, 21] to describe such instanton configurations and their moduli spaces
explicitly. Singular monopoles were constructed using this interpretation in [31, 32].
3 Gauge theory action
3.1 Field content
The bosonic degrees of freedom in the (x0, x1, x2, x6) bulk of the D3-brane are the
gauge field (v0, v1, v2, v6), three antihermitian Higgs fields Z1, Z2, Z3 (corresponding
to the relative-transverse directions along the R3Z component) and three hermitian
Higgs fields Y1, Y2, and Y3 (corresponding to the relative-transverse directions along
the R3Y component). They form the bosonic part of anN4d = 4 vector supermultiplet.
This N4d = 4 vector supermultiplet decomposes into an N4d = 2 vector multiplet
Ψ and an N4d = 2 hypermultiplet Υ. In N4d = 1 language, the N4d = 4 vector
supermultiplet contains an N4d = 1 vector supermultiplet and three N4d = 1 chiral
supermultiplets. For our discussion, it will be useful to switch toN3d = 2 superspace.
We use the same embedding of N3d = 2 superspace into N4d = 2 superspace as in
[10]; the details are provided in the appendix for completeness.
We arrange the bosonic fields listed above as follows into a vector superfield V
(which gives rise to the complex linear superfield Σ) and three chiral superfields X ,Z,
and Y ;
V : (v0, v1, v2, Z3, λ,D) ,
X : (X,ψ,G) , with X = v6 + iY1 ,
U1 := Z : (Z, χ1, F 1) , with Z = Z1 + iZ2 ,
U2 := Y : (Y, χ2, F 2) , with Y = Y2 + iY3 .
(1)
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Explicitly, the superfield expansions are
V = iθαθ¯αZ3 − θσµ3dθ¯vµ + iθ2θ¯λ¯− iθ¯2θλ + 12θ2θ¯2D ,
X = v6(y) + iY1(y) +
√
2θψ(y) + θ2G(y) ,
U1 = Z = Z(y) +
√
2θχi(y) + θ2F 1(y) ,
U2 = Y = Y (y) +
√
2θχi(y) + θ2F 2(y) .
(2)
Here, σµ3d is the set of sigma matrices reduced to three dimensions. We use the
convention (σµ3d) = (−I, σ1, σ3). The complex scalar fields D,G, F 1 and F 2 are
auxiliary fields and λ, ψ and χ are Weyl spinors in four dimensions. The four-
dimensional gauge field (v0, v1, v2, v6) is spread over the two N3d = 2 superfields V
and X . Correspondingly, the real scalar field Z3, which might be expected to be a
part of the N3d = 2 chiral superfield X , is a part of the vector superfield, as explained
in [10].
We use the superfield conventions of [33]. In particular, we have
θλ := θαλα, θ¯λ¯ := θ¯αλ¯
α and θσµλ¯ = θασµαβλ¯
β . (3)
For products of spinors of the form θ¯λ, we always make the index structure explicit.
A useful relation is
(θ¯αθ
α)2 = 1
2
θ2θ¯2 . (4)
We denote the adjoint of a field λ by λ¯ instead of λ† to simplify notation.
Note that v6 is a gauge field along the direction x
6 = s, and each N3d = 2 super-
field has to be understood as depending on the parameter s. Gauge transformations
act on the superfields according to
U i → e−2iΛU ie2iΛ ,
X → e−2iΛX e2iΛ + e−2iΛ∂se2iΛ ,
(5)
where Λ is an N3d = 2 chiral superfield depending on the parameter s. In three
dimensions, the vector superfield V gives rise to the complex linear superfield
Σ := ǫαβD¯α(e
2iVDβe
−2iV) . (6)
Its field expansion is
Σ(x, θ, θ¯) =4Z3 − 4θαλ¯α − 4θ¯αλα − 4iθ¯αθαD − 2θσµ3dθ¯ǫµνκF νκ
− 2iθ¯2θσµ3d∇µλ+ 2iθ2θ¯σ¯µ3d∇µλ¯− θ2θ¯2∇µ∇µZ3 .
(7)
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Since gauge transformations act on the vector superfield as
e2iV → e−2iΛe2iVe2iΛ¯ , (8)
the complex linear superfield transforms according to
Σ→ e−2iΛΣe2iΛ . (9)
3.2 Action in superspace
The following bulk action is manifestly invariant under both N3d = 2 supersymmetry
and gauge symmetry:
Sbulk =
∫
ds d3x tr
[ ∫
d4θ
(− 1
16
Σ2 − 1
4
(e2iV(∂s − X¯ )e−2iV −X )2 + 12e2iV U¯ie−2iVU i
)
+ i
2
∫
d2θ ǫijU i[∂s + X ,U j]− i2
∫
d2θ¯ ǫijU¯ i[∂s − X¯ , U¯ j]
]
.
(10)
Performing the Graßmann integrals, one obtains the component action of N4d = 4
super Yang-Mills theory.
As we used four-dimensional superfields, there is only a U(1) subgroup of the
SO(3)Z × SO(3)Y R-symmetry group manifest. In component fields however, the
full symmetry group is recovered after integrating out all auxiliary fields. There is
an additional SU(2) flavor symmetry acting on the doublet (Z,Y). This symmetry
partially mixes fields belonging to the N3d = 4 vector and hypermultiplets.
Varying the action (10) with respect to the auxiliary fields yields
δSbulk
δD
=D − ∂sY1 − [v6, Y1]− i2([Z, Z¯] + [Y, Y¯ ]) , (11)
δSbulk
δG
=− 1
2
G¯− i[Y, Z] , (12)
δSbulk
δF 1
=1
2
F¯1 − i∂sY − i[v6 + iY1, Y ] , (13)
δSbulk
δF 2
=1
2
F¯2 + i∂sZ + i[v6 + iY1, Z] . (14)
As we mentioned earlier, all the fields on the σth slab R1,2× [pLσ , pRσ ] are extended by
zero immediately outside the slab, thus the fields have discontinuities at the ends pLσ
and pRσ and, potentially at any point λj within the interval. In the above equations,
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we understand the terms ∂sY1, ∂sY, and ∂sZ as generalized derivatives. That is, at a
point λj the derivatives ∂sY1 and ∂sY contain a discontinuity term
δ(s− λj)
(
lim
rցλj
Y1(r)− lim
rրλj
Y1(r)
)
and δ(s− λj)
(
lim
rցλj
Y (r)− lim
rրλj
Y (r)
)
, (15)
respectively, while ∂sZ contains terms δ(s − pLσ )Z(pLσ ) − δ(s − pRσ )Z(pRσ ). This con-
vention automatically takes into account all boundary terms appearing from any
integration by parts involved in obtaining Eqs. (11)-(14).
Only four of the eight supersymmetries of CHW brane configurations are manifest
in our superspace formalism. It is therefore necessary to complement the vacuum
conditions D = F¯i = G¯ = 0 to a system of equations that is R-symmetry equivariant,
as we discuss in Section 4.2.
By the classical argument of [34, 35], the (R-symmetry completed) D- and F-
flatness conditions capture the full quantum corrected Higgs branch of the moduli
space of vacua in the four-dimensional gauge theory.
3.3 Fayet-Iliopoulos terms
Generally Fayet-Iliopoulos (FI) terms are present in the action. To preserve SU(2)Z-
invariance, we add FI terms for both the vector superfield V and the chiral superfield
Z:
SFI =
∫
ds d3x tr
(
iνˆ3(s)
∫
d4θ V − 1
2
νˆ(s)
∫
d2θZ − 1
2
¯ˆν(s)
∫
d2θ¯ Z¯
)
. (16)
These terms lead to the following contributions to the variations of the auxiliary
fields:
δSFI
δD
= i
2
νˆ3(s)I ,
δSFI
δF 1
= −1
2
νˆ(s)I . (17)
In the D- and F-flatness conditions (11) and (13), these contributions can be absorbed
by the following shift of fields (cf. [8]):
Y1 → Y1 + i2I
∫ s
ds˜ νˆ3(s˜) and Y → Y + i2I
∫ s
ds˜ νˆ(s˜) . (18)
The only effect of this shift is indeed the removal of the FI parameters in the bulk.
It is only at boundaries, that they survive. Moreover, one can redefine Y1 and Y by
a constant shift that is different on different [pLσ , p
R
σ ] intervals. As in [19], using these
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two shifts one can reduce the above FI term to the form
SFI =
k∑
σ=1
∫
d3x tr
(
ν3σ
∫
d4θ i
(V(pLσ )− V(pRσ−1))
−νσ 12
∫
d2θ
(Z(pLσ )−Z(pRσ−1))− ν¯σ 12
∫
d2θ¯
(Z¯1(pLσ )− Z¯1(pRσ−1))
)
. (19)
The FI parameters νσ = ν1σ + iν2σ and ν3σ correspond to the ~νσ = (ν1σ, ν2σ, ν3σ)
position of the NS5-branes in R3Y in the CHW picture of Section 2.
3.4 Defect walls with fundamental hypermultiplets
Each fundamental impurity wall carries an SU(2)Y doublet (Q1, Q2) of complex
scalars together with an SU(2)Z doublet (ζ
1, ζ2) of spinors. These fields form a
N3d = 4 hypermultiplet (cf. [20], [9]) and they are localized at the value s = λj, cor-
responding to the wall’s position. We combine them into N3d = 2 chiral superfields
Q1j and Q2j with components (Q1j , ζ1j, J1j) and (Q2j , ζ2j, J2j) respectively. In doing
this, we inevitably reduce the manifest R-symmetry group to the diagonal subgroup
SU(2)D of the R-symmetry group SU(2)Z × SU(2)Y . The full R-symmetry is man-
ifest once the auxiliary fields are integrated out. The superfields Q1j and Q2j are
coupled to the bulk gauge field and transform under a gauge transformation g in
the fundamental and the antifundamental representation of the U(Nσ) gauge group,
respectively:
g :
(
Q1j
Q2j
)
7→
(
g−1(λj)Q1j
Q2jg(λj)
)
. (20)
The kinetic term is given by
Sf,1 =
1
2
n∑
j=1
∫
d3x d4θ (Q¯1je−2iV(λj)Q1j +Q2je2iV(λj)Q¯2j) .
The full SU(2)D-invariant Yukawa couplings in this action have to be of the form
1
2
ǫαβ
(
ζ¯α1j
ζα2j
)T (
Z3 −Z¯
Z −Z3
)(
ζβ1j
ζ¯β2j
)
, (21)
and to obtain this term, we have to add the following superpotential terms:
Sf,2 =
1
2
n∑
j=1
∫
d3x
(∫
d2θQ2jU1(λj)Q1j +
∫
d2θ¯ Q¯1j U¯1(λj)Q¯2j
)
.
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The contributions of the fundamental hypermultiplets to the action, Sf = Sf,1+Sf,2,
yields the following contributions to the D- and F-flatness conditions:
δSf
δD
= i
2
n∑
j=1
(Q¯2jQ2j −Q1jQ¯1j)δ(s− λj) , δSf
δF1
=1
2
n∑
j=1
Q1jQ2jδ(s− λj) ,
δSf
δJ1j
=1
2
(
J¯1j +Q2jZ(λj)
)
,
δSf
δJ2j
=1
2
(
J¯2j + Z(λj)Q1j
)
.
(22)
3.5 Defect walls with bifundamental hypermultiplets
As mentioned above, a bifundamental impurity wall located at pσ cuts the space-time
into two parts. This gives rise to two gauge groups U(Nσ−1) and U(Nσ), acting to
the left and to the right of the impurity wall, respectively. There are two complex
bifundamental scalars B1σ and B2σ confined to the world-volume of the wall: B1σ
transforms in the (Nσ−1, N¯σ), while B2σ transforms in the (N¯σ−1, Nσ) representation:
g :
(
B1σ
B2σ
)
7→
(
g−1(pRσ−1)B1σg(p
L
σ )
g−1(pLσ )B2σg(p
R
σ−1)
)
. (23)
They are part of a bifundamental N3d = 4 hypermultiplet, which we decompose
into two N3d = 2 chiral superfields B1σ and B2σ with components (B1σ, ξ1σ, L1σ) and
(B2σ, ξ2σ, L2σ). The complex scalars B1σ and B¯2σ in this hypermultiplet again form
an SU(2)Y doublet, cf. [20].
Coupling the bifundamental superfields to the bulk gauge superfields yields the
following terms:
Sb,1 =
1
2
k∑
σ=1
∫
d3x tr
∫
d4θ
(
e2iV(p
L
σ )B¯1σe−2iV(pRσ−1)B1σ
+ e2iV(p
R
σ−1)B¯2σe−2iV(pLσ )B2σ
)
. (24)
Again, the Yukawa couplings determine via SU(2)D-invariance the superpotential
couplings. We need to find the superfield expressions giving rise to the following
terms:
1
2
ǫαβtr
[
( ξ¯α1σ ξα2σ )
(
ZR
3
−Z¯R
ZR −ZR
3
)(
ξβ
1σ
ξ¯β
2σ
)
− ( ξ¯α2σ ξα1σ )
(
ZL
3
−Z¯L
ZL −ZL
3
)(
ξβ
2σ
ξ¯β
1σ
)]
. (25)
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This is done by adding the superpotential term
Sb,2 =
1
2
k∑
σ=1
∫
d3x tr
( ∫
d2θ(B2σU1(pRσ−1)B1σ − B1σU1(pLσ )B2σ)+∫
d2θ¯(B¯1σU¯1(pRσ−1)B¯2σ − B¯2σU¯1(pLσ )B¯1σ)
)
. (26)
Finally, the positions ~νσ of the NS5-branes give rise to Fayet-Iliopoulos terms at
s = pσ, cf. [20]. As discussed above, the bulk FI-terms can be absorbed by a shift of
the scalars in the N3d = 4 vector multiplet. However, on the boundaries, these terms
survive in the boundary contributions of the shifted scalars. These contributions,
in turn, correspond to the positions of the NS5-branes. If the σ-th NS5-brane at
s = pσ is positioned at ~νσ ∈ R3Y , let ν = ν1 + i ν2. Then |~νσ|2 = ν23 + νν¯ , and the
Fayet-Iliopoulos terms are given in Eq. (19). One readily checks that all terms are
gauge invariant. Varying the contribution of the bifundamental matter to the gauge
theory action, Sb = Sb,1 + Sb,2 + SFI , with respect to the auxiliary fields yields
δSb
δD
= i
2
k∑
σ=1
(
B¯1σB1σ −B2σB¯2σ + ν3σ
)
δ(s− pLσ )
− (B1σB¯1σ − B¯2σB2σ + ν3σ) δ(s− pRσ−1) , (27)
δSb
δF1
=1
2
k∑
σ=1
(B1σB2σ + νσI) δ(s− pRσ−1)− (B2σB1σ + νσI) δ(s− pLσ ) , (28)
δSf
δF2
=0 , (29)
δSb
δL1σ
=1
2
(
L¯1σ − Z(pLσ )B2σ +B2σZ(pRσ−1)
)
, (30)
δSb
δL2σ
=1
2
(
L¯2σ − B1σZ(pLσ ) + Z(pRσ−1)B1σ
)
. (31)
3.6 Chern-Simons boundary terms and (p, q)-branes
As a side remark to the main thread of our discussion, let us briefly consider another
type of defect in the CHW configuration: the (p, q)-branes. Their contribution to
the field theory on the D3-branes is a Chern-Simons term with Chern-Simons level
k = p
q
, cf. [36] and [37]. Intuitively speaking, the type IIB supergravity background
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contains an RR-scalar (axion), which gives rise to a θ-term in the gauge theory on the
D3-branes. This θ-term can be turned into a Chern-Simons term at the codimension
one boundary given by the (p, q)-brane.
In terms of superfields, the contribution of a (p, q)-brane to the effective descrip-
tion of the CHW configuration is
S(p,q) =
p
8πq
∫
d3x d4θ
∫ 1
0
du tr
(
D¯α
(
e−2iV (u)Dαe
2iV (u)
)
e−2iV (u)∂ue
2iV (u)
)
, (32)
where V (u) is a function on the interval [0, 1] satisfying the boundary conditions
V (0) = 0 and V (1) = V. The integral over u is inserted to have the action mani-
festly gauge invariant, cf. [38, 39]. The first factor under the trace is a u-dependent
generalization Σ(u) of the complex linear superfield Σ. In the following, we choose
V (u) = uV.
After going to Wess-Zumino gauge5, the action simplifies considerably and using
the boundary conditions, one can perform the u-integration. In components, the
action (32) reads as
ip
4πq
tr
∫
d3x
(
ǫµνρ
(
Aµ∂νAρ +
2
3
AµAνAρ
)
+ 16iλαλ¯α − 2DZ3
)
, (33)
and it therefore gives a new contribution to the D-flatness condition:
δS(p,q)
δD
= − ip
2πq
Z3 . (34)
After integrating out the D-field, one obtains among others the following terms in
the component action:∫
d3x ds δ(s−s(p,q))tr
(
− p
2
8π2q2
Z23 +
ip
2πq
Z3∇sY1 + p
4πq
Z3([Z, Z¯] + [Y, Y¯ ])
)
, (35)
where we abbreviated ∇s := ∂∂s + v6. The last term is the same as the one obtained
in a related discussion in [40], where an additional θ-term - corresponding to our
axion background - was added to a bulk theory with a supersymmetric boundary.
Assuming that the (p, q)-brane is oriented such that it preserves N3d = 3 super-
symmetry, we expect the action to be invariant under the diagonal subgroup SU(2)D
of the R-symmetry group. This leads us to add the following term to the action:
S(p,q),N3d=3 =
p
4πq
∫
d3x ds δ
(
s− s(p,q))(∫ d2θZ2 + ∫ d2θ¯Z¯2) , (36)
5We choose Wess-Zumino gauge for convenience. One could also define the component fields as
the appropriate covariant derivatives of the vector superfield which would yield the same result.
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which implies the following contribution to the F1-flatness condition:
δS(p,q),N3d=3
δF1
=
p
4πq
Z . (37)
4 Vacuum conditions and instanton moduli spaces
4.1 D- and F-flatness conditions
The vacuum conditions determining the Higgs branch of our gauge theory are the
flatness conditions for the auxiliary fields contained in the superfields V and Z of the
N3d = 4 vector superfield Ψ. Since the auxiliary fields enter the action algebraically,
they can be integrated out using their equations of motion δS/δD = 0 and δS/δF1 =
0. Finding F1 and D from these equations and substituting back into the action leads
to potential terms of the forms D2 and |F1|2, here D and F1 stand for expressions
containing derivatives that are found from the D and F1 equations of motion. Thus
the vacuum condition is D = 0 and F1 = 0. Combining Eqs. (11, 22, 27) the
D-flatness condition reads6
∇sY1 + i2 [Z, Z¯] + i2 [Y, Y¯ ] + i2
n∑
j=1
(Q1jQ¯1j − Q¯2jQ2j)δ(s− λj)
+ i
2
k∑
σ=1
(
B2σB¯2σ − B¯1σB1σ − ν3σI
)
δ(s− pLσ )
+
(
B1σB¯1σ − B¯2σB2σ + ν3σI
)
δ(s− pRσ−1) = 0 , (38)
and Eqs. (13, 22, 28) lead to the F-flatness condition
∇sY + i[Y1, Y ] + i2
n∑
j=1
Q1jQ2jδ(s− λj)
+ i
2
k∑
σ=1
(B1σB2σ + νσI) δ(s− pRσ−1)− (B2σB1σ + νσI) δ(s− pLσ ) = 0 , (39)
where again ∇s := ∂∂s + v6.
6Inserting a (p, q)-brane at sp,q into our CHW configuration adds terms − ip
2piq
Z3δ(s− sp,q) and
p
4piq
δ(s− sp,q)Z to the left hand side of Eqs. (38) and (39) respectively.
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The G- and F2-flatness conditions from the superfields Y and X contained in the
N3d = 4 hypermultiplet Υ˜ are G = F2 = 0, which amount to
∇sZ + i[Y1, Z] = 0 , (40)
and
[Z, Y ] = 0 . (41)
At a position λj, where a fundamental impurity wall is located, we have the
following additional equations for the auxiliary fields of Q1j and Q2j :
J¯1j +Q2jZ(λj) = 0 , J¯2j + Z(λj)Q1j = 0 . (42)
A bifundamental wall at pσ gives rise to two flatness conditions on its two sides
arising from the auxiliary fields of B1σ and B2σ:
L¯1σ − Z(pLσ )B2σ +B2σZ(pRσ−1) = 0 ,
L¯2σ − B1σZ(pLσ ) + Z(pRσ−1)B1σ = 0 .
(43)
4.2 R-symmetry consequences
The equations derived above yield vacua preserving the N3d = 2 supersymmetries
which are manifest in our superspace formulation. These supersymmetries are a
subset of the N3d = 4 supersymmetries actually preserved by CHW configurations.
To obtain the equations describing the vacua of our N3d = 4 supersymmetric theory,
one needs to consider the set of flatness conditions obtained by all possible rewritings
of the N3d = 4 supersymmetries in N3d = 2 language. This can be achieved by
complementing the above equations such that the new set of equations is invariant
under the R-symmetry group SU(2)Z and is equivariant under SU(2)Y .
First, equations (40) and (41) have to be replaced by
[Z, Y ] = [Z3, Y ] = [Z, Y1] = [Z3, Y1] = 0 and ∇sZ = ∇sZ3 = 0 , (44)
and thus Z and Z3 ought to be covariantly constant in the bulk along the s-direction.
On a branch with nontrivial vacuum expectation values of Y1(s), Y2(s), and Y3(s),
i.e. on the Higgs branch, Eqs. (44) imply that Z and Z3 vanish
7. Correspondingly,
7Z and Z3 vanish unless we consider the mixed branch with all of the Higgs fields Z,Z3, Y, and
Y3 commuting with each other.
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(38) and (39) become
∇sY1 + i2 [Y, Y¯ ] + i2
n∑
j=1
(Q1jQ¯1j − Q¯2jQ2j)δ(s− λj)
+ i
2
k∑
σ=1
(
B2σB¯2σ − B¯1σB1σ − ν3σI
)
δ(s− pLσ )
+
(
B1σB¯1σ − B¯2σB2σ + ν3σI
)
δ(s− pRσ−1) = 0 , (45)
∇sY + i[Y1, Y ] + i2
n∑
j=1
Q1jQ2jδ(s− λj)
+ i
2
k∑
σ=1
(B1σB2σ + νσI) δ(s− pRσ−1)− (B2σB1σ + νσI) δ(s− pLσ ) = 0 . (46)
The R-symmetry completions of equations (42) and (43) are simple to write down,
however, they will not be relevant for our discussion.
4.3 Masses
If a Z-branch were present, the D3-branes would be able to break up on the NS5-
brane. This would give masses to the bifundamentals located at the intersection
of the stack of D3-branes with the NS5-brane which would be proportional to the
distance between the endpoints of the broken D3-branes. For diagonal Z3 and Z the
diagonal components are Z3aa and Zaa, and, as in the case of the D5-branes, this
distance is split into the complex ZLaa−ZRbb and real ZL3aa−ZR3bb components. The mass
contribution of the former appears directly in the action (24), while the contribution
of the latter arises after integrating out the auxiliary fields Liσ. Altogether, we have
the expected result for the mass of the bifundamental hypermultiplets:
m2B =
∣∣ZLaa − ZRbb∣∣2 + (ZL3aa − ZR3bb)2 . (47)
Mass terms for the fundamental hypermultiplet located at D5-brane positions
arise from a finite distance between the D3-branes and the D5-branes in R3Z . Al-
though our D5-branes will be located at ~z = ~0, let us briefly comment on the more
general situation of a D5-brane at s = λj and ~z
D5 = (zD5, zD53 ) 6= ~0. This situation
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is described by the following gauge theory action:
Sf,1 =
1
2
∫
ds d3x
∫
d4θ (Q¯1je−2i(V−iθθ¯zD53,j I)Q1j +Q2je2i(V−iθθ¯zD53,j I)Q¯2j)δ(s− λj) ,
Sf,2 =
1
2
∫
ds d3x
(∫
d2θQ2j(U1 − zD5j )Q1j + c.c.)
)
δ(s− λj) .
(48)
The modified terms preserve both supersymmetry and gauge invariance as they can
be viewed as constant shifts of scalar fields.
The eigenvalues of Z and Z3 correspond to the positions of the various D3-branes
in the stack. The distances of the D3-branes to the D5-branes at ~zD5 are then given
by the eigenvalues of the matrices Z − zD5I and Z3 − zD53 iI. After integrating out
the auxiliary fields J1,2j and diagonalizing Z and Z3, one obtains the following mass
terms for the fundamental hypermultiplets:
m2Qp =
∣∣Zaa − zD5p ∣∣2 + (Z3aa − zD53,p iI)2 , (49)
which is the expected result.
4.4 Interpretation of the Y-branch equations
The moduli space equations (38), (39), (40) and (41) reflect many of the interesting
phenomena in CHW configurations. Besides the generation of masses from moving
the various five-branes as discussed above, the breaking of D3-branes on both the
NS5-branes and the D5-branes can be seen in the gauge theory. In the following,
however, we are interested in using these equations to describe instantons on multi
Taub-NUT spaces. In particular, we are about to demonstrate that the moduli space
of the latter is the Y-branch of the gauge theory we are studying here.
Yang-Mills instantons on multi Taub-NUT spaces can be described in terms of
bows [19]. Bows generalize quivers, and as for a quiver, one can define representations
of a bow. Detailed explanations of these and other terms related to bows can be found
in [19]. Each bow representation can be viewed in two ways: as a description of
instantons of given charges on multi Taub-NUT spaces or as defining a gauge theory
with impurities such as considered above. In the latter interpretation, each edge in
the bow corresponds to an impurity wall with a bifundamental multiplet, while each
marked point corresponds to an impurity wall with a fundamental multiplet on it.
The representation ranks determine the ranks of the unitary gauge groups in the
bulk between neighboring impurity walls.
A representation R of a bow determines an affine space Dat(R), the bow data. In
the gauge theory, Dat(R) can be thought of as the configuration space of the scalar
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fields in the chiral superfields which parameterize the Y-branch. Because of N3d = 4
supersymmetry, the space Dat(R) is hyperka¨hler, and there is a natural action of
a gauge group G on Dat(R) which preserves the hyperka¨hler structure. Therefore,
one can construct the hyperka¨hler quotient M = Dat(R)///G. The corresponding
moment map was given in [19]. The gauge theory counterpart of the hyperka¨hler
quotient reduction amounts to imposing the D- and F-flatness conditions and dividing
by the action of the gauge group.
In their complex form, the bow equations of [19], which are the moment map
conditions, exactly agree with the vacuum equations (45) and (46), which define the
Y-branch of the space of vacua of our gauge theory. We thus conclude that the Y-
branch coincides with the moduli space of instantons on a multi-Taub-NUT space.
The dictionary establishing the correspondence of the quantities of the gauge theory
with impurities with those of an instanton on the multi-Taub-NUT space is given in
Table 2 below. This correspondence can be established either via T-duality or using
the transform of [19]. T-duality relates a CHW configuration to a configuration
of D6-branes wrapping multi-Taub-NUT space with D2-branes within their world-
volumes. At low energies, the latter brane configuration is described by Yang-Mills
instantons on the wrapped space. Here, we obtained an independent gauge theoretic
verification of this correspondence. In the process, we also gained some insight of how
one might approach the other branches. We also have a gauge theoretic interpretation
of the bow reciprocity, which manifests itself as electric-magnetic duality of the gauge
theory with impurities. We are about to use electric-magnetic duality to extract the
asymptotic of the Y-branch in the directions in which the gauge group is maximally
broken.
5 Asymptotic of the Y-branch
Until this moment, we identified the Y-branch with the Higgs branch of the gauge
theory with impurity walls. The advantage of this consideration was that it produced
an exact description of the metric on the Y-branch [34, 35] in terms of Eqs. (44) and
(45). If one is interested in the asymptotic behavior of these metrics, one can either
use twistorial techniques developed by Bielawski [41, 42, 43] or apply the monopole
dynamics techniques of Manton and Gibbons [44, 45]. Here we have yet another
approach, which is entirely in the domain of the quantum gauge theory.
A different description of the Y-branch emerges after applying electric-magnetic
duality to the gauge theory we considered so far. If the original gauge theory had
n fundamental impurity walls positioned at s = λj and k bifundamental impurity
walls at s = pσ, then the dual gauge theory has k fundamental impurity walls at
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Gauge theory with impurity walls Instantons on multi-Taub-NUT
Gauge group ranks Instanton number + monopole
charges
Number of fundamental walls, n Rank of the structure group, U(n)
Number of bifundamental walls, k Number of Taub-NUT centers, k
Periodicity of the transverse coordi-
nate s
Taub-NUT mass parameter
Positions of the fundamental walls Conjugacy class of the holonomy
around the TN circle at infinity
Positions of the bifundamental walls Self-dual noncommutativity parame-
ters of the multi-Taub-NUT
Fayet-Iliopoulos parameters Positions of the Taub-NUT centers
Table 2: Correspondence between the gauge theory and instanton parameters.
s = pσ and n bifundamental impurity walls positioned at s = λj . This is one of
the simplest impurity wall dualities. A much more general situation is studied in
[46]. The Y-branch is the Coulomb branch of the latter theory and the metric on it
receives both perturbative and nonperturbative corrections. At a generic point on
the Coulomb branch, the gauge symmetry is maximally broken. The metric on the Y-
branch is given by quantum corrected gauge couplings of the surviving gauge group.
Eigenvalues of the Y1, Y2 and Y3 Higgs fields provide good asymptotic coordinates on
the Y-branch. We are interested in finding the metric in the asymptotic directions
in which the difference of any two eigenvalues of Yj becomes large
8. Via a one-loop
computation we obtain the leading metric behavior.
It is worth emphasizing at this point that the electric-magnetic duality inter-
changes not only the two types of impurity walls, but also the roles of the Y and Z
Higgs fields. Thus the electric-magnetic dual theory is given by
· the bulk action (10) (without the FI terms (19)), with the Y j and Zj fields
interchanged,
· fundamental multiplet contributions (48), with pσ in place of λj, Y in place of
U1, zD5σ = νσ and zD53,σ = ν3,σ, and
· bifundamental multiplet contributions (24, 26) with λRj−1 in place of pRσ−1, λLj in
place of pLσ , and Y in place of U1.
8To be exact, it suffices that the absolute value of the difference of any two vectors ~ya =
(y1,a, y2,a, y3,a) of eigenvalues is large. These eigenvalues are defined in the next section.
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The resulting flatness conditions, such as (44) or (45), are given by the same expres-
sions but with letters Y and Z interchanged.
On the Coulomb branch, the G and F2 flatness conditions augmented by R-
symmetry imply that the nonvanishing Higgs fields Y and Y1 parameterizing the
Coulomb branch are covariantly constant in s, see Eq. (44). As a result, in the
extreme infrared the theory is effectively three-dimensional and we can perform our
one-loop computation in a three dimensional theory with gauge group
n×
j=1
U(Rj). The
gauge coupling of the component U(Rj) is g4d/
√
λj+1 − λj , so that
1
g23d,j
=
λj+1 − λj
g24d
. (50)
The ultraviolet spectrum of this theory is comprised of bifundamental supermultiplets
in the (Nj−1, N¯j) and (N¯j−1, Nj) representations and some fundamental multiplets.
The number of the fundamental multiplets in Nj and N¯j of U(Nj) equals the number
of points pσ between λj and λj+1. The mass of the fundamental multiplet associated
to the point pσ equals ~νσ.
The computation itself uses the background field method quite literally as dis-
cussed in [47], section 16.6. This background field calculation was done for pure
N3d = 4 super Yang-Mills theory with gauge group SU(2) in [16] and it was ex-
tended to fundamental matter in [17]. For our discussion, however, we need the
corresponding result for arbitrary gauge group and both fundamental and bifunda-
mental matter, which we derive in some detail below.
5.1 The Coulomb branch
It is sufficient to focus on N3d = 4 euclidean super Yang-Mills theory with gauge
group U(NL) × U(NR). The field content consists of an N3d = 4 vector multiplet
containing a gauge potential Aµ = A
L
µ + A
R
µ , two 3d Majorana spinors λ
L,R and
χL,R and three real Higgs fields Y iL,R. We also allow for hypermultiplets in the
bifundamental, the adjoint and the fundamental representations of the gauge group.
Their component fields are labeled by hk, k = 1, 2 for the complex scalars and ψk for
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the spinors of SO(1, 2). The relevant kinetic terms in the action are given by
SL,Rkin, gauge =
1
g23dL,R
∫
d3x tr
(
1
4
FL,Rµν F
µν
L,R +
1
2
∇L,Rµ Y L,Ri ∇L,Rµ Y L,Ri
+ iλ¯L,R∇/ L,RλL,R + iχ¯L,R∇/ L,RχL,R
)
,
SL,Rkin, hyper =
1
g23dL,R
∫
d3x tr
(
∇µh†k∇µhk + iϑ¯k∇/ ϑk
)
.
(51)
Here, ∇/ := σ¯µ∇µ. The covariant derivatives of the hypermultiplets are determined
by their representation. We did not write down any potential terms, as we shall not
need them.
As generators for U(N), we use antihermitian linear combinations of the matrices
(τab)ij = δaiδbj , a, b = 1, . . . , N , which satisfy the normalization condition tr(τ
T
abτab) =
1. In the latter equation, there is no sum implied. For indices of the kind of a, b,
we always make the sums explicit in all formulas. The Cartan subalgebra of the
gauge group is generated by the elements τaa. Note that
∑
a τaa gives the u(1)-part
of u(N), while the linear combinations of generators τaa − τbb for a 6= b span the
Cartan subalgebra of su(N) ⊂ u(N). For the generators τab, the following list of
identities holds:
τabτcd = δbcτad , adτab(τcd) =[τab, τcd] = τadδbc − τcbδda ,
[τaa, τbb] = 0 , [adτaa, adτbb ] = 0 .
(52)
To distinguish the generators of U(NL) from those of U(NR), we write τ
L
ab and τ
R
ab,
where necessary.
We are interested in a generic point on the Coulomb branch of the theory, where
the gauge groups U(NL)×U(NR) are maximally Higgsed to U(1)NL×U(1)NR due to
the Higgs scalars in the vector multiplet acquiring a generic vacuum expectation value
(vev). As the gauge group is abelian, we can dualize the NL +NR resulting photons
into periodic scalars σaL ∼ σaL + 1, a = 1, . . . , NL, and σaR ∼ σaR + 1, a = 1, . . . , NR,
parameterizing TNL+NR. More explicitly, we add the following surface term to the
action:
Sθ =
i
8π
∫
d3x
(
ǫµνρ
NL∑
a=1
σaL∂µF
L,a
νρ + ǫ
µνρ
NR∑
a=1
σaR∂µF
R,a
νρ
)
, (53)
which, after integrating out the abelian field strength, yields the kinetic term for the
dual photons σa:
Skin, dual =
4g23dL
(8π)2
∫
d3x
NL∑
a=1
1
2
∂µσ
a
L∂
µσaL +
4g23dR
(8π)2
∫
d3x
NR∑
a=1
1
2
∂µσ
a
R∂
µσaR . (54)
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The open part of the classical moduli space Mcl of this theory is a subspace of the
direct product of the space R3(NL+NR) parameterized by mutually commuting scalar
fields Y i =
∑NL+NR
a=1 y
i,aτaa times the torus parameterized by the vev of the dual
photons TNL+NR . At the classical level, gauge symmetry is enhanced at the set ∆
of points in R3(NL+NR) with yi,a = yi,b for any a and b 6= a. We remove this set
from R3(NL+NR). The resulting space still has to be factored by the symmetric group
SNL × SNR to eliminate permutations of the eigenvalues yi,a. Away from ∆, the
classical moduli space thus has the form
(R3(NL+NR)\∆)× TNL × TNR
SNL × SNR
, (55)
with its flat metric. In the next section, we compute the one-loop corrections to the
Ka¨hler metric on this moduli space.
5.2 One-loop correction to the gauge couplings
To perform the one-loop background field computation, we split the Yang-Mills fields
into a low-momentum background component9 and a high-momentum part and then
integrate out the latter. Explicitly, we rewrite the Yang-Mills action using this
splitting and keep only terms up to second order in the high-momentum parts. The
functional integrals over the high-momentum fields are Gaußian and can be trivially
performed. We can read off their contributions to the effective action from the
logarithm of the product of the resulting determinants.
In terms of ordinary perturbation theory, this means that we compute Feynman
diagrams with one loop which have low-momentum parts as external legs and high-
momentum parts in the loop. We then replace these diagrams by effective vertices.
As the gauge group is maximally broken, we have the vacuum expectation values
of Y i aligned in the direction of the Cartan generators: Y i =
∑
a y
i,aτaa. Further-
more, we combine the gauge field Aµ and the three scalars Y
i into a six-dimensional
gauge field AM , M = 0, . . . , 5 so that Aµ = Aµ and Ai+2 = Y i, cf. [16]. Similarly,
we combine the two Majorana spinors of SO(1, 2), λ and χ, into a Weyl spinor η of
SO(1, 5).
As usual in the background field method, we now split our fields ϕ into slowly
9The background component is supersymmetric and satisfies the equations of motion.
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oscillating background fields ϕ˚ and a high-momentum part10 ϕ˜:
AM =
{ A˚M + A˜M , M ≤ 2 ,
A˚M +
∑
a y
M−2,aτaa + A˜M , M ≥ 3 ,
η = η˚ + η˜ , hi = h˚i + h˜i , ϑi = ϑ˚i + ϑ˜i .
(56)
The low-momentum background fields A˚, η˚, h˚i and ϑ˚i are aligned in the direction of
the Cartan generators.
To integrate out the high-momentum fields, we plug this expansion into the ac-
tion. We gauge fix the action and introduce ghosts. This is done completely analo-
gously to [16]. There is thus an additional complex triplet of ghosts. The ghosts are
not split into low- and high-momentum parts.
One can drop linear terms in any of the high-momentum fields, as they multiply
terms proportional to equations of motion of the background fields. We also drop
terms of higher order than two, as these do not contribute to the renormalization of
purely low-momentum vertices at one loop. The key observation is that the remaining
terms in the action are all of the form∫
d3x tr
(
ϕ˜†
(
∆κϕϕ
)
ϕ˜
)
, (57)
where ϕ denotes an arbitrary field and the power κϕ = 1 for bosons and κϕ =
1
2
for
spinor fields. The ghost contribution to the action is also of this form with κgh = 1.
The resulting functional integrals are Gaußian and can be easily performed: They
lead to determinants of the ∆ϕ raised to a certain power. Rewriting them as expo-
nentials to read off the one-loop corrections to the action yields
δS1ℓ =
∑
ϕ
πϕtr(log∆ϕ) , πA = −12 , πη = 12 , πgh = 1 , πh = −1 , πϑ = 12 , (58)
where the πϕ are the powers of the determinants appearing from the Gaußian func-
tional integral. The trace symbol here denotes a trace over gauge and spinor indices
as well as all necessarily implied integrals over momentum spaces. Summarizing,
we perform the following approximation of the functional integral over the higher
momentum modes:
Z =
∫ (∏
ϕ
Dϕ
)
e−
i
~
S[ϕ]
∫ (∏
ϕ˜
Dϕ˜
)
e−
i
~
∑
ϕ˜
∫
d3x tr(ϕ˜†(∆κϕϕ )ϕ˜)
≈
∫ (∏
ϕ
Dϕ
)
e−
i
~
(S[ϕ]+
∑
ϕ πϕtr(log∆ϕ)) .
(59)
10For simplicity, we drop the labels L,R when no confusion can arise.
24
In order to remain consistent with our one-loop approximation scheme, we should
compute δS1ℓ only up to second order in the high-momentum fields. This is what we
do below.
The kernels ∆ϕ depend exclusively on the spin of the fields ϕ and their gauge
representation. Its explicit form is easily obtained by adapting the formulas in [16]
or [47]:
∆ϕ = −∂2 +∆(1)ϕ +∆(2)ϕ +∆(J)ϕ ,
∆(1)ϕ = i
{
∂µ,
NL∑
a=1
A˚L,aµ τLaa +
NR∑
a=1
A˚R,aµ τRaa
}
,
∆(2)ϕ =
∑
a,b,L/R
(
A˚L/R,aM A˚L/R,bM −
3∑
i=1
2yi,aL/RA˚L/R,bi+2 − yi,aL/Ryi,bL/R
)
τL/Raa τ
L/R
bb ,
∆(J)ϕ =
NL∑
a=1
F˚L,aMNτLaaJMNϕ +
NR∑
a=1
F˚R,aMNτRaaJMNϕ .
(60)
Here, the sum in ∆
(2)
ϕ runs over all possible combinations of indices a, b and gauge
potentials and Cartan generators of U(NL) and U(NR). The generators J
MN
ϕ are the
generators of the Lorentz group in six dimensional Minkowski space in the representa-
tion of the field ϕ. For fields ϕf,L, ϕad,L and ϕbf,LR, in the fundamental representation
of U(NL), the adjoint representation of U(NL) and the bifundamental representation
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of U(NL)× U(NR), we have
∆(1)ϕ ϕf,L = i
{
∂µ,
NL∑
a=1
A˚L,aµ τLaa
}
ϕf,L ,
∆(2)ϕ ϕad,L =
NL∑
a,b=1
(
A˚L,aM A˚L,bM −
3∑
i=1
2yi,aL A˚L,bi+2 − yi,aL yi,bL
)
[τLaa, [τ
L
bb, ϕad,L]] ,
∆(2)ϕ ϕbf,LR =
NL∑
a,b=1
(
A˚L,aM A˚L,bM −
3∑
i=1
2yi,aL A˚L,bi+2 − yi,aL yi,bL
)
τLaaτ
L
bbϕbf,LR
−
NL∑
a=1
NR∑
b=1
(
A˚L,aM A˚R,bM −
3∑
i=1
2yi,aL A˚R,bi+2 − yi,aL yi,bR
)
τLaaϕbf,LRτ
R
bb
−
NR∑
a=1
NL∑
b=1
(
A˚R,aM A˚L,bM −
3∑
i=1
2yi,aR A˚L,bi+2 − yi,aR yi,bL
)
τLbbϕbf,LRτ
R
aa
+
NR∑
a,b=1
(
A˚R,aM A˚R,bM −
3∑
i=1
2~y aRA˚R,b5 − yi,aR yi,bR
)
ϕbf,LRτ
R
aaτ
R
bb .
(61)
We also recall that all background fields are in the Cartan subalgebra and thus
F˚aMN := ∂M A˚aN − ∂N A˚aM . (62)
To evaluate the effective action δS1ℓ to quadratic order in the background fields,
we Taylor expand the logarithm around
−∂2 −
∑
i,a,b,L/R
yi,aL/Ry
i,b
L/Rτ
L/R
aa τ
L/R
bb =: G−1 , (63)
the inverse of the propagator G, and drop terms of higher than quadratic order in
A˚M . Up to an irrelevant constant, we obtain:
δS1ℓ =
∑
ϕ
πϕtr
(G(∆(δ)ϕ )− 12G(∆(δ)ϕ )G(∆(δ)ϕ )) , (64)
where ∆
(δ)
ϕ is given by
∆(δ)ϕ := ∆
(1)
ϕ +∆
(2)
ϕ +∆
(J)
ϕ −
∑
i,a,b,L/R
yi,aL/Ry
i,b
L/Rτ
L/R
aa τ
L/R
bb . (65)
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The form of the propagator G defined in (63) now depends on the representation of the
field ϕ. The nonvanishing components of G for a field ϕ in the various representations
are:
G =


GLL,LLab,cd =
δacδbd
p2 − |~y c − ~y d|2 , ϕ in the adjoint of U(NL) ,
GRR,RRab,cd =
δacδbd
p2 − |~y c − ~y d|2 , ϕ in the adjoint of U(NR) ,
GLR,LRab,cd =
δacδbd
p2 − |~y c − ~y d|2 , ϕ in the (NR, NL) of U(NR)× U(NL) ,
Gab = δab
p2 − |~y a|2 , ϕ in the fundamental representation ,
(66)
where the superscripts L/R indicate to which gauge group the respective indices
belong. Symmetry considerations now allow us to reduce (64) significantly. First,
the term linear in ∆
(J)
ϕ vanishes, since tr(JMNϕ ) = 0. Most important, however, is
supersymmetry: Those contributions to δS1ℓ which do not contain ∆
(J)
ϕ are, up to
the factors of πϕ, identical for all fields. They therefore cancel due to the relations
6πA + 4πψ + πgh = 0 and πh + 2πχ = 0 , (67)
which reduces (64) to
δS1ℓ =
∑
ϕ
πϕtr
(−1
2
G∆(J)ϕ G∆(J)ϕ
)
. (68)
This expression can now be evaluated using the explicit form of the kernels ∆
(J)
ϕ
given in (60) and the propagators given in (66).
For a field ϕ in the fundamental representation11 of U(NL), we arrive at the
following expression in the momentum space:
δS1ℓ,ϕ =− 12
∫
d3k
(2π)3
NL∑
a,b=1
F˚L,aMN(k)F˚L,bRS (−k)πϕtr(JMNϕ JRSϕ )
× tr
(∫
d3p
(2π)3
δba
p2 − |~y a|2 τaa
δab
(p+ k)2 − |~y b|2 τbb
)
=− 1
2
πϕtr(J
MN
ϕ J
RS
ϕ )
∫
d3k
(2π)3
NL∑
a=1
(
i
8π|~y a| +O(k
2)
)
F˚a,LMN(k)F˚a,LRS (−k) ,
(69)
11The contribution for a field in the fundamental representation of U(NR) is the same up to
replacing L with R everywhere.
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where
tr(JMNϕ J
RS
ϕ ) = (g
MRgNS − gMSgNR)Cϕ ,
CA = 2 , Cψ = Cχ = 1 , Cgh = Ch = 0 .
(70)
Fields in the adjoint representation of U(NL) yield the following contribution:
δS1ℓ,ϕ =− 12
∫
d3k
(2π)3
NL∑
a,b=1
F˚L,aMN(k)F˚L,bRS (−k)πϕtr(JMNϕ JRSϕ )
×
∑
c,d
(∫
d3p
(2π)3
δac − δad
p2 − |~y c − ~y d|2
δbc − δbd
(p+ k)2 − |~y c − ~y d|2
)
=− 1
2
πϕtr(J
MN
ϕ J
RS
ϕ )
∫
d3k
(2π)3
NL∑
a,b=1,a6=b
(
i
8π|~y a − ~y b| +O(k
2)
)
× (F˚L,aMN(k)− F˚L,bMN(k))(F˚L,aRS (−k)− F˚L,bRS (−k)) .
(71)
From (66) it is clear that the contribution of a bifundamental field is
δS1ℓ,ϕ = −12
∫
d3k
(2π)3
NL∑
a=1
NR∑
b=1
F˚L,aMN(k)F˚R,bRS (−k)πϕtr(JMNϕ JRSϕ )
×
NL∑
c=1
NR∑
d=1
(∫
d3p
(2π)3
δac
p2 − |~y c − ~y d|2
−δbd
(p+ k)2 − |~y c − ~y d|2
)
= 1
2
πϕtr(J
MN
ϕ J
RS
ϕ )
∫
d3k
(2π)3
NL∑
a=1
NR∑
b=1
(
i
8π|~y a − ~y b| +O(k
2)
)
F˚L,aMN(k)F˚R,bRS (−k) .
(72)
Let us now consider the case of nonvanishing mass terms for the hypermultiplets.
First, note that the cancellations we observed above are independent of the masses.
(The supersymmetry cancellation is due to N3d = 2 SUSY, which is compatible with
the introduction of mass terms.) Second, the one-loop corrections due to hypermul-
tiplets are due to the spinors χ, since the generators JMNϕ for scalars vanish. In our
discussion of the superspace action in the previous sections, we introduced an SO(3)-
multiplet of mass terms: a complex mass from a mass term in the superpotential,
and a third real mass from adding terms to the vector superfield which is necessary
for the so(3)Z R-symmetry. Their effect on our formulas is the simple shift
|~y a| →
√
(y1,a − νa1 )2 + (y2,a − νa2 )2 + (y3,a − νa3 )2 = |~y a − ~ν a| , (73)
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where ~νa = ~ν for all a. Similarly, we could introduce mass terms for adjoint and
bifundamental hypermultiplets. Their effects are slightly more complicated. As we
do not need them in the subsequent discussion, we refrain from presenting them in
detail.
5.3 Special cases
We now compare our results to those obtained in [16, 17]. That is, we restrict
ourselves to gauge group SU(2). A Cartan subalgebra of su(2) can be spanned by
σ3, the third Pauli matrix, and we have
F˚MN =
( F˚1MN 0
0 F˚2MN
)
= (F˚1MN+F˚2MN)
I
2
+(F˚1MN−F˚2MN )
σ3
2
= F˚ IMN
I
2
+F˚σ3MN
σ3
2
.
(74)
Thus, to restrict to gauge group SU(2), we require that F1MN = −F2MN . Further-
more, we can use R-symmetry to rotate the vev into the component Y 3. That is,
y1,a = y2,a = 0 and y3,1 = −y3,2.
We begin by considering the pure gauge theory without matter fields. To make
contact with [16], we also introduceMW :=
1
2
y3,1 = −1
2
y3,2. The one-loop corrections
(71) of the fields A and η read here as
δS1ℓ,A = 2
i
8πMW
∫
d3k
(2π)3
F˚σ3MNF˚σ
3,MN ,
δS1ℓ,η = − i
8πMW
∫
d3k
(2π)3
F˚σ3MNF˚σ
3,MN ,
(75)
which is the same result as in [16]. For an adjoint hypermultiplet with mass mad,
Eq. (71) yields
δS1ℓ,hyper,ad = −1
2
(
i
8π|mad +MW | +
i
8π|mad −MW |
)∫
d3k
(2π)3
F˚σ3MN F˚σ
3,MN , (76)
and for a fundamental multiplet with mass νf , we obtain
δS1ℓ,hyper,f = −1
8
(
i
8π|νf +MW | +
i
8π|νf −MW |
)∫
d3k
(2π)3
F˚σ3MN F˚σ
3,MN (77)
from Eq. (69), in agreement with [17]. As observed there, the N3d = 8 theory
corresponds to one massless hypermultiplet in the adjoint representation. The hy-
permultiplet’s contribution cancels exactly the contribution from the vector multiplet
and the one-loop corrections vanish.
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5.4 The asymptotic metric on the moduli space
The mirror gauge theory we study is given by maximally supersymmetric Yang-Mills
theory in the four-dimensional bulk with n bifundamental walls positioned at s = λj
and with k fundamental walls positioned at s = pσ. The direction transverse to the
walls is periodic. Each fundamental multiplet confined to the wall at s = pσ has
a mass ~νσ. The gauge group on the i
th interval [λi, λi+1] is U(Ni). As discussed in
Section 3.5, the space-time is cut into two halves at a point λi. One gauge group
U(Ni−1) acts on the boundary of the left half and another gauge group U(Ni) acts
on the boundary of the right half. So far we focused on a product U(Ni−1)× U(Ni)
of two neighboring groups. Here we assemble all of the contributions to extract
the asymptotic metric on the Coulomb branch of this gauge theory. To be exact,
we have computed one-loop-corrected gauge couplings which, via supersymmetry, or
equivalently via hyperka¨hlerity, completely fix the rest of the metric.
We can read off the desired one-loop corrections from the results obtained in
section 5.2. The gauge group in the ith interval between s = λi and s = λi+1 is U(Ni)
and we have n intervals altogether. This yields N1 + . . . +Nn Cartan generators in
total, and we label them by consecutive integers. The Cartan generators of the ith
interval correspond to the integers li, . . . , ri, where li = 1+
∑i−1
j=1Nj and ri =
∑i
j=1Nj .
The tree-level action is
− i
4
N1+...+NL∑
a=1
λi+1 − λi
g2
∫
d3k
(2π)3
F˚aMN(k)F˚a,MN(−k) . (78)
For the vector multiplet in the interval i, we obtain a correction
δS1ℓ,vector =
i
16π
∫
d3k
(2π)3
ri∑
a,b=li,a6=b
1
|~y a − ~y b|×
×
(
F˚aMN F˚a,MN − 2F˚aMN F˚ b,MN + F˚ bMN F˚ b,MN
)
.
(79)
The bifundamental fields transforming nontrivially under the U(Ni) factor of the
gauge group are positioned at λj with j = i+ 1 or j = i and yield a contribution
δS1ℓ,bifund. = − i
16π
∫
d3k
(2π)3
ri∑
a=li
rj∑
b=lj
1
|~y a − ~y b|
(
F˚aMN F˚ b,MN
)
, (80)
and each massive hypermultiplet at s = pσ with pσ ∈ (λi, λi+1) adds
δS1ℓ,hyper = − i
16π
∫
d3k
(2π)3
r1∑
a=l1
1
|~y a − ~νσ|F˚
a
MN F˚a,MN . (81)
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Altogether, we get the following one-loop-corrected coupling constant for any pair of
the Cartan generators:(
1
g23d
)
ab
=
λi+1 − λi
g2
δab︸ ︷︷ ︸
tree level
+ sab︸︷︷︸
vector mplt.
+ nab︸︷︷︸
bifundamentals
+ dab︸︷︷︸
fundamentals
, (82)
where
sab =


−∑ric=li 12π|~y a−~y c| for a = b , a ∈ [li, ri] ,
1
2π|~y a−~y b| for a 6= b , a, b ∈ [li, ri] ,
0 otherwise ,
nab =
{ 1
4π|~y a−~y b| for a ∈ [li, ri] , b ∈ [lj , rj] , i = j ± 1 ,
0 otherwise ,
dab =
{ ∑
σ|λi<pσ<λi+1
1
4π|~y a−~m| for a = b , a ∈ [l1, r1] ,
0 otherwise .
(83)
Our result agrees with the asymptotic metric for balanced representations of Ak bows
as given in [19], Eqns. (128)-(130).
6 Conclusions
While gauge theories with impurities are interesting in their own right, here we
employed them as a tool for studying the moduli spaces of instantons on multi-
Taub-NUT spaces. To this end we used maximally supersymmetric four-dimensional
Yang-Mills theory coupled to both fundamental and bifundamental N3d = 4 matter
confined to three-dimensional impurity walls. Just as in [9, 10], we worked in N3d = 2
superspace language. This allowed us to study the moduli space of vacua of the gauge
theory by considering D- and F-flatness conditions.
A string theory realization of this theory is given by the Chalmers-Hanany-Witten
configuration of branes in type IIB string theory. Via T-duality, this configuration
is related to another string theory background which can be effectively described
by Yang-Mills instantons on multi-Taub-NUT space TNk. Here, the number k of
the Taub-NUT centers corresponds to the number of the NS5 branes in the CHW
configuration. It is the Higgs branch of the impurity gauge theory that is identified
via T-duality as the moduli space of instantons on TNk.
To identify the Higgs branch, we derived conditions for vacuum configurations.
We found that the resulting equations are exactly the moment map conditions ap-
pearing in the bow construction of [11] and [19]. This independently verifies the
string duality statement.
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We then used this relation to compute the asymptotic metric of the moduli space
of instantons on TNk using the gauge theory as follows: Applying electric-magnetic
duality to our impurity theory, we obtain the same type of gauge theory with the two
types of impurity walls interchanged. The resulting mirror theory has the moduli
space of instantons on TNk as its Coulomb branch. Its metric is determined by the
kinetic term couplings of the effective theory. We performed a one-loop background
field computation, which is an extension of the calculation presented in [16, 17]. The
resulting asymptotic metric on the Coulomb branch is exactly the asymptotic metric
on the moduli space of instantons found in [19].
We expect that the techniques we have used here can be fruitfully applied to
other questions. For example, the superfield action we have used defines a gauge
theory with impurities for any bow representation. One could use this theory to
verify that the moduli space of an E-type bow is insensitive to the interval lengths
(i.e. to the three-dimensional couplings) and that it coincides with the moduli space
of a quiver representation obtained by shrinking all of the bow intervals to zero size.
Another intriguing direction for future research is to explore such impurity theories
on curved space-time background.
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Appendix
We use the embedding of N3d = 2 superspace into Nd=4 = 2 superspace as presented
in [10]. The coordinates (xµˆ, θ1, θ¯1, θ
2, θ¯2), where µˆ = 0ˆ, 1ˆ, 3ˆ, parameterize the N4d =
2 superspace. Here x0 = x0ˆ, x1 = x1ˆ, and x2 = x3ˆ. Consider the linear combinations
θ = 1
2
(θ1 + θ¯
1 − θ2 − θ¯2) and θ/ = 12i(θ1 − θ¯1 − θ2 + θ¯2) , (84)
with analogous linear combinations for the supercharges and the superspace covariant
derivatives. The subspace given by θ/ = 0 and x2ˆ = s, with some fixed value of the
parameter s, is then preserved by the N3d = 2 supersymmetry algebra. Thus one
can use the coordinates (xµ, θ, θ¯), µ = 0, 1, 2, to parameterize the three-dimensional
superspace, with s playing the role of a parameter external to this superspace.
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We take our fields to be antihermitian so that Fµν := ∂µAν−∂νAµ+[Aµ, Aν ] and
the covariant derivatives are of the form∇µB = ∂µB+[Aµ, B] or ∇µQ = ∂µQ+AµQ.
A bar denotes hermitian conjugation.
Spinor conventions
We use the standard superfield conventions as given, e.g., in [33]. The metric is
ηµν =diag(−1, 1, 1, 1). We use ǫ12 = −ǫ12 = 1 for raising and lowering spinor indices.
So ψα = ǫαβψβ and ψα = ǫαβψ
β, where ǫαβ = iσ2. The Pauli matrices are σ1 =
( 0 11 0 ) , σ
2 = ( 0 −ii 0 ) , σ
3 = ( 1 00 −1 ) and σ0 = −12×2. The spinor summation conventions
are
ψχ = ψαχα = −ψαχα = χαψα = χψ , (85)
ψ¯χ¯ = ψ¯αχ¯
α = −ψ¯αχ¯α = χ¯αψ¯α = χ¯ψ¯ , (86)
and we have
ψαχ¯α = −ψαχ¯α = χ¯αψα . (87)
Some useful spinor relations are:
θαθβ = −1
2
ǫαβθ2 , θ¯αθ¯β = 1
2
ǫαβ θ¯2 , (88)
θαθ
β = −1
2
δβαθ
2 , (θσµˆθ¯)(θσµˆθ¯) = −1
2
θ2θ¯2ηµˆνˆ . (89)
In particular for Equation (4) in Section 3.1, we have
(θ¯αθ
α)2 =θ¯αθ
αθ¯βθ
β = −θαθ¯αθ¯βθβ
=1
2
θ¯2θαǫαβθ
β = 1
2
θ¯2θαθα =
1
2
θ¯2θ2 ,
(90)
where we have used Equation (87) in the first line and Equation (88) in going from
the first to the second line.
Integration in superspace has the following properties:
∫
dθ = 0 ,
∫
dθ θ = 1 , so
that
∫
dθαθ
β = ∂αθ
β = δβα .
Superfields
The N3d = 2 chiral superfields read in chiral coordinates yµˆ = xµˆ+iθσµˆθ¯, µˆ = 0ˆ, 1ˆ, 3ˆ,
as follows:
X = v6(y) + iY1(y) +
√
2θψ(y) + θ2G(y) ,
U1 = Z = Z(y) +
√
2θχi(y) + θ2F i(y) ,
U2 = Y = Y (y) +
√
2θχi(y) + θ2F i(y) .
(91)
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while the N3d = 2 vector superfield is given in Wess-Zumino gauge by
V = −θσ2θ¯Z3 − θσµθ¯vµ + iθ2θ¯λ¯− iθ¯2θλ+ 12θ2θ¯2D . (92)
The vector superfield V together with the chiral superfield X form a N4d = 2 vector
supermultiplet:
Ψ(y) = X (y, θ1) + i
√
2θ2W (y, θ1) + θ
2
2G(Y, θ1) . (93)
Here, Wα is the chiral fermionic field strength of the superfield V. Performing now
the coordinate transformation (84), the N4d = 2 vector superfield contains at θ/ = 0
an N3d = 2 chiral superfield X and the N3d = 2 complex linear superfield Σ.
The linear multiplet
The vector multiplet gives rise to the linear multiplet Σ defined by
Σ = ǫαβD¯α(e
2iVDβe
−2iV) . (94)
The calculation is made simpler by writing Σ as a function of yµˆ = xµˆ + iθσµˆθ¯:
V(y) = −iθθ¯Z3 − θσµˆθ¯vµˆ + iθ2θ¯λ¯− iθ¯2θλ+ 1
2
θ2θ¯2(D − i∂µˆvµˆ) . (95)
We note that
e2iVDβe
−2iV = −2iDβV + 2[V, DβV] , (96)
since powers of V higher than V2 vanish due to the properties of the Graßmann
variables θ and θ¯. Writing DβV in components:
DβV =(∂β + 2iσµˆβγ θ¯γ∂µˆ)V(y)
=− iθ¯βZ3 − σµˆβγ θ¯γvµˆ + 2iθβ θ¯λ¯− iθ¯2λβ + θβ θ¯2D
+ σµˆβγθ
γ θ¯2∂µˆZ3 − iθ¯2σµˆνˆγβ θγ(∂µˆvνˆ − ∂νˆvµˆ) + θ2θ¯2σµˆβγ∂µˆλ¯γ ,
(97)
we can now write an expression for the commutator:
[V, DβV] =− θ¯2σµˆνˆγβ θγ [vµˆ, vνˆ ]− iθ2θ¯2σµˆβγ [vµˆ, λ¯γ] . (98)
Now we have Eq. (96) in component form and since Σ is a function of y, the co-
variant derivative D¯α reduces to −∂¯α. Using the Taylor expansion f(x) = f(y) −
iθσµˆθ¯∂µˆf(y) +
1
4
(θθ)(θ¯θ¯)f(y) we retrieve the component expansion for the linear
multiplet Σ(x):
Σ(x) =4Z3 − 4θαλ¯α − 4θ¯αλα − 4iθαθ¯αD − 2θσµˆθ¯ǫµˆνˆκˆF νˆκˆ − 2iθ¯2θσµˆ∇µˆλ
+ 2iθ2θ¯σ¯µˆ∇µˆλ¯− θ2θ¯2Z3 ,
(99)
where ǫ0ˆ1ˆ3ˆ = −1.
34
N3d = 2 matter supermultiplets on impurity walls
Each fundamental defect wall is carrying a fundamental chiral supermultiplet
Q1j = Q1j +
√
2θζ1j + θ
2J1j , (100)
and an anti-fundamental chiral supermultiplet
Q2j = Q2j +
√
2θζ2j + θ
2J2j . (101)
Each bifundamental defect wall carries one chiral supermultiplet in the (Nσ−1, N¯σ)
representation of U(Nσ−1)× U(Nσ)
B1j = B1j +
√
2θξ1j + θ
2L1j , (102)
and one chiral supermultiplet in the (N¯σ−1, Nσ) representation
B2j = B2j +
√
2θξ2j + θ
2L2j . (103)
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